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Abstract
A mathematical model of the suspension bridge describes the vibration of the road bed in the
vertical plain and that of the main cable. We show the existence of an absorbing set for the solution
of the problem. Furthermore, the global attractors of the coupled system of suspension bridge are
studied by a new semigroup approach.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction
In [1] Lazer and McKenna studied the problem of nonlinear oscillation in a suspension
bridge. They presented a (one-dimensional) mathematical model for the bridge that takes
account of the fact that the coupling provided by the stays connecting the main cable to
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system:

m1utt + a2uxxxx + δ1ut + k(u− v)+ = W(x), in (0,L)×R+,
m2vtt − b2vxx + δ2vt − k(u − v)+ = h(x, t), in (0,L)×R+,
u(0, t) = u(L, t) = uxx(0, t) = uxx(L, t) = 0, t  0,
v(0, t) = v(L, t) = 0, t  0,
u(x,0) = u0, ut (x,0) = u1, x ∈ (0,L),
v(x,0) = v0, vt (x,0) = v1, x ∈ (0,L),
(1.1)
where the first equation describes the vibration of the road bed in the vertical plain and the
second equation describes that of the main cable from which the road bed is suspended by
the tie cables. k denotes the spring constant of the ties, m1 and m2 are the masses per unit
length of the road bed and the cable, respectively. a2 and b2 are the flexural rigidity of the
structure and coefficient of tensile strength of the cable, respectively.
If ignore the motion of the main cable and only consider that the stays transmit a forc-
ing term to the road bed, the coupled system (1.1) can be simplified into the following
equations which describes the motion of the road bed of suspension bridges:{
utt + uxxxx + δut + ku+ = W(x)+ h(x, t), in (0,L)×R+,
u(0, t) = u(L, t) = uxx(0, t) = uxx(L, t) = 0, t  0. (1.2)
For the problem (1.2), there are many classical results to study the existence, multiplicity
and property of the travelling wave solutions, the periodic solutions and solutions of the
initial problems when δ ≡ 0, for details we refer the reader to [2–7]. However, a few work
has been done on (1.1). In [2], Ahmed and Harbi studied the problem (1.1), and pointed
out that the system is conservative and asymptotically stable with respect to the rest state
for k > 0, in addition, they proved that the Cauchy problem of system (1.1) has a weak
solution. An discussed the existence and uniqueness of solution for the steady state problem
of (1.1) by a variational approach in [4], and obtained the nontrivial solutions of this system
under perturbations. But to our knowledge, no one else has studied the existence of global
attractors for the problems (1.1) and (1.2). Therefore, it is necessary to extensively search.
In this paper, we will study the long time behavior of solution for the coupled system of
suspension bridges. As far as else literatures of global attractors are concerned, please see
[8–13].
If consider both viscous and structural damping of the first equation for (1.1) with which
the nonlinear forcing h1(u, v),h2(u, v) depending on u and v are concerned, that gives rise
to the following model:

utt + αD4u+ γ11ut + γ12D4ut + k(u− v)+ + h1(u, v) = g1,
vtt − βD2v + γ21vt − k(u− v)+ + h2(u, v) = g2,
u(0, t) = u(L, t) = D2u(0, t) = D2u(L, t) = 0, t  0,
v(0, t) = v(L, t) = 0, t  0,
u(x,0) = u0, ut (x,0) = u1, x ∈ (0,L),
v(x,0) = v0, vt (x,0) = v1, x ∈ (0,L).
(1.3)
From physical consideration, γ11, γ12, γ21  0. In addition, Di = ∂i∂xi , i = 1,2,3,4,
D = D1. α > 0, β > 0, g1 ∈ L2(0,L), g2 ∈ L2(0,L).
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(H1) lim inf|u|→∞
h1(u, v)
u
 0, uniformly as v ∈R;
(H2) lim inf|v|→∞
h2(u, v)
v
 0, uniformly as u ∈R;
(H3) lim inf|u|→∞
h1(u, v)u− c1H1(u, v)
u2
 0, uniformly as v ∈R;
(H4) lim inf|v|→∞
h2(u, v)v − c2H2(u, v)
v2
 0, uniformly as u ∈R;
(H5) lim sup
|u|→∞
∣∣∣∣ ∂∂v h1(u, v)
∣∣∣∣= 0, uniformly as v ∈R;
(H6) lim sup
|v|→∞
∣∣∣∣ ∂∂uh2(u, v)
∣∣∣∣= 0, uniformly as u ∈R;
(H7)
∣∣h1(u, v)∣∣, ∣∣h2(u, v)∣∣ ε(|u|γ + |v|γ )+Cε, ∀0 γ < ∞, u, v ∈R,
where constants ε, c1, c2,Cε > 0, and
H1(u, v) =
u∫
0
h1(s, v) ds, H2(u, v) =
v∫
0
h2(u, s) ds.
In addition, for write simply, we denote
Φ(u,v) =
L∫
0
H1
(
u(x), v(x)
)
dx, Ψ (u, v) =
L∫
0
H2
(
u(x), v(x)
)
dx.
Let Ω = (0,L); we introduce the following spaces H,V , i.e.,
H = L2(Ω) ×L2(Ω), V = H 20 (Ω) ×H 10 (Ω),
and endow space H with the usual scalar product and norm, (· , ·), | · |, namely, for any
u = (u1, u2), v = (v1, v2), define
(u, v) =
∫
Ω
(u1v1 + u2v2) dx, |u|2 = |u1|2L2 + |u2|2L2 .
Clearly, we can also define the scalar product ((· , ·)) and norm ‖ · ‖ in V , i.e.,
((u, v)) =
∫
Ω
(
D2u1D
2v1 + Du2Dv2
)
dx,
‖u‖2 = ∣∣D2u1∣∣2L2 + |Du2|2L2 .
It is obvious that H,V are Hilbert spaces, and V ⊂ H = H ∗ ⊂ V ∗, here H ∗,V ∗ are the
dual of H,V , respectively, and each space is dense in the following one and the injections
are continuous.
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E0 = V ×H, E2 =
(
D
(
A2
)×D(A))× (H 20 (Ω)×H 10 (Ω)),
where D(A) = H 2(Ω) ∩H 10 (Ω), D(A2) = {v ∈ H 20 (Ω) | A2v ∈ L2(Ω)}.
Now, consider the following eigenvalue problems:{−D2v = λv, x ∈ Ω,
v(0, t) = v(L, t) = 0. (1.4)
Let λ1 be the first eigenvalue of (1.4), corresponding eigenfunction φ1(x) is positive on Ω .
It is easy to know that λ21 is the first eigenvalue in the following problems:{
D4u = λu, x ∈ Ω,
u(0) = u(L) = D2u(0) = D2u(L) = 0. (1.5)
Choose λ = min{λ1, λ21}, by the Poincaré inequality; we have
‖u‖2  λ|u|2, ∀u ∈ V. (1.6)
2. Preliminaries
Let ut = w,vt = z, Eq. (1.3) transforms into

ut = w,
wt + αD4u+ γ11w + γ12D4w + k(u− v)+ + h1(u, v) = g1,
vt = z,
zt − βD2v + γ21z − k(u− v)+ + h2(u, v) = g2.
(2.1)
In order to obtain our main theorem, we need the following results:
Theorem 2.1 [2]. Assume that conditions (H1)–(H2), (H5)–(H7) hold true, and (u0, v0,
u1, v1) ∈ E0, g1, g2 ∈ L2(Ω). Then for every T > 0, system (2.1) has a unique solution
(u, v) on [0, T ] such that
(u, v,ut , vt ) ∈ C
([0, T ],E0),
which satisfies the initial value conditions
u(0) = u0, ut (0) = u1; v(0) = v0, vt (0) = v1.
Furthermore, the mapping (u0, v0, u1, v1) → (u(t), v(t), ut (t), vt (t)) is continuous. Thus,
it admits to define a C0 semigroup
S(t) : (u0, v0, u1, v1) →
(
u(t), v(t), ut (t), vt (t)
)
,
it maps E0 into itself.
In fact, the proof of the above theorem, based on a Faedo–Galerkin method, is omitted.
We refer the reader to [2,11].
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condition (C) if for any ε > 0 and for any bounded set B of X, there exists t (B) > 0 and a
finite dimensional subspace X1 of X, such that {‖PS(t)x‖, x ∈ B, t  t (B)} is bounded
and ∥∥(I − P)S(t)x∥∥< ε for t  t (B), x ∈ B,
where P :X → X1 is a bounded projector.
Theorem 2.2 [10]. Let {S(t)}t0 be a C0 semigroup in a Hilbert space X. Then {S(t)}t0
has a global attractor if and only if
(1) {S(t)}t0 satisfies condition (C);
(2) there exists a bounded absorbing subset B of X.
3. A priori estimates in E0
Let 0 < ε < ε′ be fixed in the course of the proof, here ε′ = min{1, α
γ12
}.
Take the scalar product in L2(Ω) of the first and second equation of (2.1) with u,φ =
ut + εu, respectively. This yields
1
2
d
dt
(
(α − γ12ε)
∣∣D2u∣∣2 + |φ|2)+ ε(α − γ12ε)∣∣D2u∣∣2 + (γ11 − ε)|φ|2
+ γ12
∣∣D2φ∣∣2 − ε(γ11 − ε)(u,φ) + k((u− v)+, φ)+ (h1(u, v),φ)
= (g1, φ). (3.1)
Take the scalar product in L2(Ω) of the third and fourth equation of (2.1) with v,ψ =
vt + εv, respectively. We have
1
2
d
dt
(
β|Dv|2 + |ψ |2)+ βε|Dv|2 + (γ21 − ε)|ψ |2
− ε(γ21 − ε)(v,ψ)− k
(
(u− v)+,ψ)+ (h2(u, v),ψ)
= (g2,ψ). (3.2)
Adding (3.1)–(3.2), we obtain
1
2
d
dt
(
(α − γ12ε)
∣∣D2u∣∣2 + |φ|2 + β|Dv|2 + |ψ |2)
+ ε(α − γ12ε)
∣∣D2u∣∣2 + (γ11 − ε)|φ|2 + γ12∣∣D2φ∣∣2 − ε(γ11 − ε)(u,φ)
+ βε|Dv|2 + (γ21 − ε)|ψ |2 − ε(γ21 − ε)(v,ψ)
+ k((u− v)+, φ −ψ)+ (h1(u, v),φ)+ (h2(u, v),ψ)
= (g1, φ)+ (g2,ψ). (3.3)
By means of (1.6) and the Young inequality, we get
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∣∣D2u∣∣2 + (γ11 − ε)|φ|2 + γ12∣∣D2φ∣∣2 − ε(γ11 − ε)(u,φ)
 ε(α − γ12ε)
∣∣D2u∣∣2 + (γ11 − ε)|φ|2 + γ12λ|φ|2 − εγ11√
λ
∣∣D2u∣∣ · |φ|
 ε
(
α − γ12ε − γ11ε2λ
)∣∣D2u∣∣2 +
(
γ11
2
+ γ12λ − ε
)
|φ|2 (3.4)
and
βε|Dv|2 + (γ21 − ε)|ψ |2 − ε(γ21 − ε)(v,ψ)
 βε|Dv|2 + (γ21 − ε)|ψ |2 − εγ21√
λ
|Dv| · |ψ |
 ε
(
β − γ21ε
2λ
)
|Dv|2 +
(
γ21
2
− ε
)
|ψ |2. (3.5)
In addition, we find
k
(
(u− v)+, φ − ψ)= k((u − v)+, (u− v)t)+ εk((u− v)+, (u− v))
= 1
2
d
dt
k
∣∣(u− v)+∣∣2 + εk∣∣(u − v)+∣∣2. (3.6)
Combining with (3.4)–(3.6), from (3.3) entail
1
2
d
dt
(
(α − γ12ε)
∣∣D2u∣∣2 + |φ|2 + β|Dv|2 + |ψ |2 + k∣∣(u− v)+∣∣2)
+ ε
(
(α − γ12ε)− γ11ε2λ
)∣∣D2u∣∣2 +
(
γ11
2
+ γ12λ− ε
)
|φ|2
+ ε
(
β − γ21ε
2λ
)
|Dv|2 +
(
γ21
2
− ε
)
|ψ |2
+ εk∣∣(u− v)+∣∣2 + (h1(u, v),φ)+ (h2(u, v),ψ)
= (g1, φ)+ (g2,ψ)
 γ11
8
|φ|2 + γ21
8
|ψ |2 + 2|g1|
2
γ11
+ 2|g2|
2
γ21
. (3.7)
In line with (H1)–(H4) and Poincaré inequality, there exists a constant M  0 such that
Φ(u,v)+ α − γ12ε
4
∣∣D2u∣∣2 −M, (3.8)
(
h1(u, v), u
)− c0Φ(u,v)+ α − γ12ε4
∣∣D2u∣∣2 −M, (3.9)
Ψ (u, v)+ β
4
|Dv|2 −M, (3.10)
(
h2(u, v), v
)− c0Ψ (u, v)+ β4 |Dv|2 −M, (3.11)
for any u ∈ H 20 (Ω), v ∈ H 10 (Ω), where c0 = min{c1, c2,1}.
On the other hand, according to (H5)–(H6), for every ε > 0 there exists f (ε) > 0, such
that
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Φ(u, v)
(
h1(u, v), ut
)+ ε|u| · |vt | + f (ε)|vt |, (3.12)
d
dt
Ψ (u, v)
(
h2(u, v), vt
)+ ε|v| · |ut | + f (ε)|ut |. (3.13)
Exploiting |vt | |ψ | + ε|v|, from (1.6), (3.9) and (3.12), we conclude(
h1(u, v),φ
)
= (h1(u, v), ut)+ ε(h1(u, v), u)
 d
dt
Φ(u, v)− ε|u| · |vt | − f (ε)|vt | + εc0Φ(u,v)− ε(α − γ12ε)4
∣∣D2u∣∣2 − εM
 d
dt
Φ(u, v)+ εc0Φ(u,v)− ε√
λ
∣∣D2u∣∣ · (|ψ | + ε|v|)− f (ε)(|ψ | + ε|v|)
− ε(α − γ12ε)
4
∣∣D2u∣∣2 − εM
 d
dt
Φ(u, v)+ εc0Φ(u,v)− ε(α − γ12ε)4
∣∣D2u∣∣2 − 4ε2
λγ21
∣∣D2u∣∣2 − γ21
8
|ψ |2
− (1 + γ21)ε
2
4λ
|Dv|2 − 4
γ21
f (ε)− 2f 2(ε)− εM. (3.14)
Again in line with |ut | |φ| + ε|u|, by (1.6), (3.11) and (3.13), we have(
h2(u, v),ψ
)= (h2(u, v), vt)+ ε(h2(u, v), v)
 d
dt
Ψ (u, v)+ εc0Ψ (u, v)− ε√
λ
|Dv| · (|φ| + ε|u|)
− f (ε)(|φ| + ε|u|)− εβ
4
|Dv|2 − εM
 d
dt
Ψ (u, v)+ εc0Ψ (u, v)− εβ4 |Dv|
2 − 4ε
2
λγ11
|Dv|2 − γ11
8
|φ|2
− (1 + γ11)ε
2
8λ
∣∣D2u∣∣2 − 4
γ12
f (ε)− 2f 2(ε)− εM. (3.15)
Hence, integrating with (3.7) and (3.14)–(3.15), there holds
d
dt
(
(α − γ12ε)
∣∣D2u∣∣2 + |φ|2 + β|Dv|2 + |ψ |2 + k∣∣(u− v)+∣∣2
+ 2Φ(u,v)+ 2Ψ (u, v))
+ ε
(
3(α − γ12ε)
2
− γ11ε
λ
− 8ε
λγ21
− (1 + γ11)ε
4λ
)∣∣D2u∣∣2
+
(
γ11
2
+ 2γ12λ− 2ε
)
|φ|2 + ε
(
3β
2
− 5γ21ε
4λ
− 2ε
λγ11
− (1 + γ21)ε
4λ
)
|Dv|2
+
(
γ21
2
− 2ε
)
|ψ |2 + 2εk∣∣(u− v)+∣∣2 + 2εc0Φ(u,v)+ 2εc0Ψ (u, v) c3,
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c3 = 4
( |g1|2
γ11
+ |g2|
2
γ21
+
(
2
γ21
+ 2
γ12
)
f (ε)+ 2f 2(ε)+ εM
)
.
Take ε small enough, such that
3(α − γ12ε)
2
− γ11ε
λ
− 8ε
λγ21
− (1 + γ11)ε
4λ
 α − γ12ε
4
,
3β
2
− (1 + 6γ21)ε
4λ
− 2ε
λγ11
 β
4
,
γ21
2
− 2ε  γ21
4
,
γ11
2
+ 2γ12λ− 2ε  γ114 .
Therefore, we get the estimates
d
dt
(
(α − γ12ε)
∣∣D2u∣∣2 + |φ|2 + β|Dv|2 + |ψ |2 + k∣∣(u− v)+∣∣2
+ 2Φ(u,v)+ 2Ψ (u, v))
+ ε(α − γ12ε)
4
∣∣D2u∣∣2 + γ11
4
|φ|2 + εβ
4
|Dv|2 + γ21
4
|ψ |2 + 2εk∣∣(u− v)+∣∣2
+ 2εc0Φ(u,v)+ 2εc0Ψ (u, v) c3.
Let
σ = min
{
ε
4
,
γ11
4
,
γ21
4
, εc0
}
,
then from above inequality we conclude
d
dt
(
(α − γ12ε)
∣∣D2u∣∣2 + |φ|2 + β|Dv|2 + |ψ |2 + k∣∣(u− v)+∣∣2
+ 2Φ(u,v)+ 2Ψ (u, v) + 4M)+ σ ((α − γ12ε)∣∣D2u∣∣2
+ |φ|2 + β|Dv|2 + |ψ |2 + 2k∣∣(u− v)+∣∣2 + 2Φ(u,v)+ 2Ψ (u, v)+ 4M)
 c3 + 4σM.
In the light of (3.8), (3.10), lead to
W(u,v) = (α − γ12ε)
∣∣D2u∣∣2 + |φ|2 + β|Dv|2 + |ψ |2 + 2k∣∣(u− v)+∣∣2
+ 2Φ(u,v)+ 2Ψ (u, v) + 4M
= 2
(
Φ(u,v)+ α − γ12ε
4
∣∣D2u∣∣2 +M
)
+ 2
(
Ψ (u, v)+ β
4
|Dv|2 + M
)
+ α − γ12ε
2
∣∣D2u∣∣2 + |φ|2 + β
2
|Dv|2 + |ψ |2 + 2k∣∣(u− v)+∣∣2 0.
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d
dt
W(u, v)+ σW(u, v) c3 + 4σM.
Applying the Gronwall lemma, we have
W
(
u(t), v(t)
)
W
(
u(0), v(0)
)
exp(−σ t)+ c3 + 4σM
σ
(
1 − exp(−σ t)), ∀t  0.
(3.16)
According to (H7), when |D2u(0)|2, |ut (0)|2, |Dv(0)|2, |vt (0)|2 are bounded, by the
Sobolev embedding theorem, we get Φ(u(0), v(0)), Ψ (u(0), v(0)) are bounded, so
W(u(0), v(0)) is bounded, too. From (3.16) entail
lim sup
t→∞
W
(
u(t), v(t)
)
 ρ20 , (3.17)
where
ρ20 =
c3 + 4σM
σ
.
Let µ0 > ρ0 be fixed and suppose that W(u(0), v(0))R. In line with (3.16), for t  t0 =
t0(R,µ0), namely
t0(R,µ0) = 1
σ
log
R
µ20 − ρ20
, (3.18)
we have W(u(t), v(t)) µ20. Notice that if B is a bounded subset in E0, then
R = R(B) = sup
(u0,u1,v0,v1)∈B
{
2
∣∣D2u0∣∣2 + |u1 + εu0|2 + 2Φ(u0, v0)+ 2|Dv0|2
+ |v1 + εv0|2 + 2Ψ (u0, v0)
}
< ∞.
Thus, we have the following results:
Theorem 3.1. Assume that k > 0, and the nonlinear term h1(u, v),h2(u, v) satisfy condi-
tions (H1)–(H7). Then the ball of E0, B0 = BE0(0,µ0), centered at 0 of radius µ0, is an
absorbing set in E0 for the semigroup {S(t)}t0. That is, for any bounded subset B in E0,
S(t)B ⊂ B0, for t  t0.
4. Global attractors in E0
In order to prove our main results, we first need the following lemma.
Lemma 4.1. Suppose that h1, h2 ∈ C2(R2,R) and satisfy the condition (H7). Then
(h1, h2) :H
2
0 (Ω)×H 10 (Ω) → L2(Ω)×L2(Ω) is continuously compact.
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let {un} converge weakly to u0 in H 20 (Ω), {vn} converge weakly to v0 in H 10 (Ω). By the
Sobolev embedding theorem, {un}, {vn} are bounded and converge to u0, v0 in H 1,p(Ω)
and Lp(Ω), ∀p  1, respectively.
Write H(un, vn) = (h1(un, vn), h2(un, vn)). Now we only need to prove that {H(un,
vn)} converges to H(u0, v0) in L2(Ω)×L2(Ω).
By (H7), there exists constants 0 < θ1, θ2 < 1, such that the following estimates hold
true:
(∫
Ω
∣∣h1(un, vn)− h1(u0, v0)∣∣2 dx
) 1
2
=
(∫
Ω
∣∣(h1(un, vn)− h1(u0, vn))+ (h1(u0, vn)− h1(u0, v0))∣∣2 dx
) 1
2

(∫
Ω
∣∣h1(un, vn)− h1(u0, vn)∣∣2 dx
) 1
2 +
(∫
Ω
∣∣h1(u0, vn)− h1(u0, v0)∣∣2 dx
) 1
2
=
(∫
Ω
∣∣∣∣∂h1∂u
(
u0 + θ1(un − u0), vn
)∣∣∣∣
2
· |un − u0|2 dx
) 1
2
+
(∫
Ω
∣∣∣∣∂h1∂v
(
u0, v0 + θ2(vn − v0)
)∣∣∣∣
2
· |vn − v0|2 dx
) 1
2

(∫
Ω
(
ε
∣∣u0 + θ1(un − u0)∣∣γ +Cε)2 · |un − u0|2 dx
) 1
2
+
(∫
Ω
(
ε
∣∣v0 + θ2(vn − v0)∣∣γ +Cε)2 · |vn − v0|2 dx
) 1
2
 4γ ε
[(∫
Ω
|u0|2γ · |un − u0|2 dx
) 1
2 +
(∫
Ω
|un|2γ · |un − u0|2 dx
) 1
2
]
+ 4γ ε
[(∫
Ω
|v0|2γ · |vn − v0|2 dx +
∫
Ω
|vn|2γ · |vn − v0|2 dx
) 1
2
]
+ Cε
[(∫
Ω
|un − u0|2 dx
) 1
2 +
(∫
Ω
|vn − v0|2 dx
) 1
2
]
 4γ ε
[(∫
|u0|4γ
) 1
4
(∫
|un − u0|4 dx
) 1
4Ω Ω
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(∫
Ω
|un|4γ
) 1
4
(∫
Ω
|un − u0|4 dx
) 1
4
]
+ 4γ ε
[(∫
Ω
|v0|4γ
) 1
4
(∫
Ω
|vn − v0|4 dx
) 1
4
+
(∫
Ω
|vn|4γ
) 1
4
(∫
Ω
|vn − v0|4 dx
) 1
4
]
+ Cε
[(∫
Ω
|un − u0|2 dx
) 1
2 +
(∫
Ω
|vn − v0|2 dx
) 1
2
]
.
Thanks to {un} and {vn} are bounded in H 1,p , and Lp, ∀p  1, respectively, therefore,
when n → ∞, we have
lim
n→∞
∫
Ω
∣∣h1(un, vn)− h1(u0, v0)∣∣2 dx  Cε.
By arbitrariness of ε, we find
lim
n→∞
∫
Ω
∣∣h1(un, vn)− h1(u0, v0)∣∣2 dx = 0.
By using the same methods, we conclude
lim
n→∞
∫
Ω
∣∣h2(un, vn)− h2(u0, v0)∣∣2 dx = 0. 
Theorem 4.1. Suppose that k > 0 and h1(u, v),h2(u, v) satisfy conditions (H1)–(H7).
Then the semigroup {S(t)}t0 associated with (2.1) has a global attractor A in E0, it
attracts uniformly all bounded subsets B of E0 in the norm of E0.
Proof. Write A = −D2, then A2 = D4. Let {ωk}∞k=1 be an orthonormal basis of D(A2)
which consists of eigenvectors of A2, while it is also an orthonormal basis of H 20 (Ω),
L2(Ω), respectively, the corresponding eigenvalues are denoted by
0 < ν1 < ν2  ν3  · · · , νk → ∞ as k → ∞.
In addition, write
Hm = span{ω1,ω2, . . . ,ωm}.
Let {χj }∞j=1 be an orthonormal basis of H 20 (Ω) which consists of eigenvectors of A, while
it is also an orthonormal basis of L2(Ω), the corresponding eigenvalue are denoted by0 < λ1 < λ2  λ3  · · · , λj → ∞ as j → ∞.
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Gn = span{χ1, χ2, . . . , χn}.
Since g1, g2 ∈ H , (h1, h2) : H 20 (Ω)×H 10 (Ω) → L2(Ω)×L2(Ω) is compact continuously
verified by Lemma 4.1, then for any ε > 0, there exists N > 0, such that, when m,nN ,
the following inequalities are true:
∣∣(I − Pm)g1∣∣ ε4 ,∣∣(I − Pm)h1(u, v)∣∣ ε4 , ∀(u, v) ∈ BV (0,µ0),∣∣(I −Qn)g2∣∣ ε4 ,∣∣(I −Qn)h2(u, v)∣∣ ε4 , ∀(u, v) ∈ BV (0,µ0), (4.1)
where Pm : H 20 (Ω) → Hm and Qn : H 10 (Ω) → Gn are orthogonal projector, µ0 is given
by Theorem 3.1. For any (u,ut , v, vt ) ∈ E0, we denote
(u,ut ;v, vt ) = (u1, u1t ;v1, v1t )+ (u2, u2t ;v2, v2t ),
where
(u1, u1t ;v1, v1t ) = (Pmu,Pmut ;Qnv,Qnvt ).
Choose 0 < σ < σ ′, here
σ ′ = min
{
1,
α
γ12
,
γ12λ2
2
,
γ11
6
}
. (4.2)
Taking the scalar product in L2 of the first and second equation of (2.1) with u2, φ2 =
u2t + σu2, respectively, we find
1
2
d
dt
(
(α − γ12σ)
∣∣D2u2∣∣2 + |φ2|2)+ σ(α − γ12σ)∣∣D2u2∣∣2 + (γ11 − σ)|φ2|2
+ γ12
∣∣D2φ2∣∣2 − σ(γ11 − σ)(u2, φ2)+ k(((u− v)+)2, φ2)+ (h1(u, v),φ2)
= (g1, φ2), (4.3)
Taking the scalar product in L2 of the third and fourth equation of (2.1) with v2, ψ2 =
v2t + σv2, respectively, we find
1
2
d
dt
(
β|Dv2|2 + |ψ2|2
)+ βσ |Dv2|2 + (γ21 − σ)|ψ2|2
− σ(γ21 − σ)(v2,ψ2)− k
((
(u− v)+)2,ψ2)+ (h2(u, v),ψ2)
= (g2,ψ2), (4.4)
Plus with (4.3) and (4.4),
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2
d
dt
(
(α − γ12σ)
∣∣D2u2∣∣2 + |φ2|2 + β|Dv2|2 + |ψ2|2)+ (γ11 − σ)|φ2|2
+ σ(α − γ12σ)
∣∣D2u2∣∣2 + γ12∣∣D2φ2∣∣2 − σ(γ11 − σ)(u2, φ2)
+ σβ|Dv2|2 + (γ21 − σ)|ψ2|2 − σ(γ21 − σ)(v2,ψ2)
+ k(((u− v)+)2, φ2 − ψ2)+ (h1(u, v),φ2)+ (h2(u, v),ψ2)
= (g1, φ2)+ (g2,ψ2). (4.5)
Analogous estimates of (3.4), (3.5), we conclude
σ(α − γ12σ)
∣∣D2u2∣∣2 + (γ11 − σ)|φ2|2 + γ12∣∣D2φ2∣∣2 − σ(γ11 − σ)(u2, φ2)
 σ
(
α − γ12σ − γ11σ4λ
)∣∣D2u2∣∣2 + (γ12λ2 − σ )|φ2|2, (4.6)
and
σβ|Dv2|2 + (γ21 − σ)|ψ2|2 − σ(γ21 − σ)(v2,ψ2)
 σ
(
β − γ21σ
2λ
)
|Dv2|2 +
(
γ21
2
− σ
)
|ψ2|2. (4.7)
Collecting (4.1), (4.5)–(4.6), inequality (4.4) leads to
1
2
d
dt
(
(α − γ12σ)
∣∣D2u2∣∣2 + |φ2|2 + β|Dv2|2 + |ψ2|2)
+ σ
(
α − γ12σ − γ11σ4λ
)∣∣D2u2∣∣2
+ (γ12λ2 − σ )|φ2|2 + σ
(
β − γ21σ
2λ
)
|Dv2|2 +
(
γ21
2
− σ
)
|ψ2|2
 k
∣∣((u− v)+)2
∣∣ · |φ2 −ψ2| + ε2 |φ2| +
ε
2
|ψ2|
 k
∣∣(u− v)2∣∣ · |φ2 −ψ2| + ε2 |φ2| +
ε
2
|ψ2|
 k
(|u2| + |v2|)(|φ2| + |ψ2|)+ γ12λ
2
4
|φ2|2 + γ214 |ψ2|
2 + ε
2
4γ12λ2
+ ε
2
4γ21
 2kµ0
(|u2| + |v2|)+ γ12λ
2
4
|φ2|2 + γ214 |ψ2|
2 + ε
2
4γ12λ2
+ ε
2
4γ21
 2kµ0
(
1√
νm+1
∣∣D2u2∣∣+ 1√
λn+1
|Dv2|
)
+ γ12λ
2
4
|φ2|2 + γ214 |ψ2|
2 + ε
2
4γ12λ2
+ ε
2
4γ21
 σ
2
4
∣∣D2u2∣∣2 + σ
2
4
|Dv2|2 + 2k2µ20
(
1
νm+1
+ 1
λn+1
)
+ γ12λ
2
4
|φ2|2
γ21 2 ε
2 ε2+
4
|ψ2| + 4γ12λ2 + 4γ21 . (4.8)
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α − γ12σ − γ11σ4λ −
σ
4
 1
2
(α − γ12σ); 3γ12λ
2
4
− σ  σ
2
;
β − γ21σ
2λ
− σ
4
 β
2
; γ21
4
− σ  σ
2
. (4.9)
Therefore, for any t  t0, when m,n → ∞, we have
d
dt
(
(α − γ12σ)
∣∣D2u2∣∣2 + |φ2|2 + β|Dv2|2 + |ψ2|2)
+ σ [(α − γ12σ)∣∣D2u2∣∣2 + |φ2|2 + β|Dv2|2 + |ψ2|2]
 Cε2, (4.10)
where
C = 2k2µ20 +
1
4γ12λ2
+ 1
4γ21
.
Let
V (t) = (α − γ12σ)
∣∣D2u2∣∣2 + |φ2|2 + β|Dv2|2 + |ψ2|2.
By Gronwall lemma, we obtain
V (t) V (t0) exp
(−σ(t − t0))+ Cε
2
σ
. (4.11)
Take t  t1 = 1σ log µ0ε2 , then
V (t)
(
1 + C
σ
)
ε2.
Thus, the semigroup {S(t)}t0 satisfies the condition (C). 
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